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Abstract
In this paper, the author puts forward a kind of anti-periodic boundary value
problems of fractional equations with the Riemann-Liouville fractional derivative.
More precisely, the author is concerned with the following fractional equation:
Dα0+u(t) = f (t,u(t),u
′(t)), t ∈ (0, 1)
with the anti-periodic boundary value conditions
t2–αu(t)|t→0+ = –t2–αu(t)|t=1, (t2–αu(t))′|t→0+ = –(t
2–αu(t))′|t=1,
where Dα0+ denotes the standard Riemann-Liouville fractional derivative of order
α ∈ (1, 2), and the nonlinear function f (t, ·, ·) may be singular at t = 0. By applying the
contraction mapping principle and the other ﬁxed point theorem, the author obtains
the existence and uniqueness of solutions.
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1 Introduction






, t ∈ (, ) (.)










whereDα+ denotes the standardRiemann-Liouville fractional derivative of order α ∈ (, ),
and the nonlinear function f (t, ·, ·) may be singular at t = .
Diﬀerential equations with fractional order are a generalization of ordinary diﬀerential
equations to non-integer order. This generalization is not a mere mathematical curios-
ity but rather has interesting applications in many areas of science and engineering such
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as electrochemistry, control, porous media, electromagnetism, etc. (see [–]). There has
been a signiﬁcant development in the study of fractional diﬀerential equations in recent
years; see, for example, [–].
Anti-periodic boundary value problems occur in mathematic modeling of a variety of
physical processes andhave recently received considerable attention. For examples andde-
tails of anti-periodic fractional boundary value problems, see [–] and the references
therein. However, up to now, almost all studies on anti-periodic fractional boundary value
problems have been devoted to fractional equations with the Caputo fractional derivative.
Recently, there appeared a paper dealing with anti-periodic boundary value problems of
a fractional equation with the Riemann-Liouville fractional derivative (see []), which
will be formulated later. The main reason is that in general the Riemann-Liouville frac-
tional derivative u(i)() ( ≤ i < α) does not exist unless u(i)() = , and therefore there is
some diﬃculty in expressing anti-periodic boundary value conditions with the Riemann-
Liouville fractional derivative. So, no matter which kind of anti-periodic boundary value
conditions we shall propose, ﬁrst of all, we must ensure that the limits exist taken on the
left-hand side of the formula on the anti-periodic boundary value conditions when vari-
able tends to zero. In the paper [] mentioned above, Ahmad and Nieto put forward a
kind of boundary value problems as follows:
{
Dαu(t) = f (t,u(t)), t ∈ [,T],  < α ≤ ,
I–α+ u(+) = bI–α+ u(T–), Dα–+ u(+) = bDα–+ u(T–), b = ,b = .
It is well known that the limits I–α+ u(+) and Dα–+ u(+) exist. Moreover, it can be veriﬁed
that t–αu(t)|t→+ = (α–) I–α+ u(+), (t–αu(t))′|t→+ =

(α)Dα–+ u(+). Especially, compar-
ing with the recent article (see []) dealing with the following periodic boundary value
problems with Riemann-Liouville fractional derivative
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
Dαu(t) = f (t,u,Dαu), t ∈ (, ]\{t, t, . . . , tm},  < α ≤ ,
t–αu(t)|t→+ = u(), t–αDαu(t)|t→ =Dαu(),
(t – tj)–α(u(t) – u(tj))|t→t+j = Ij(u(tj)),
(t – tj)–α(Dαu(t) –Dαu(tj))|t→t+j = I¯j(u(tj)),
and taking into account the consistency with integer order anti-periodic boundary value
problems, we consider the anti-periodic boundary value condition (.) in the present pa-
per to be more natural and suitable. It is noteworthy that such a form of anti-periodic
boundary value conditions (.) is very convenient to construct an appropriate Banach
space which coordinates the feature of the solution u because of the fact that limu(t) =∞
(t → +) may occur and function f (t, ·, ·) may be singular at t = . Moreover, when α → 
in (.), the anti-periodic boundary value conditions in (.) are changed into u() = –u(),
u′() = –u′(), which are coincident with anti-periodic boundary value conditions of
second-order diﬀerential equations (see []).
The rest of this paper is organized as follows. In Section , we present some necessary
deﬁnitions and preliminary results that will be used to prove ourmain results. In Section ,
we put forward and prove ourmain results. By applying the contractionmapping principle
and the other ﬁxed point theorem, we obtain the existence and uniqueness of solutions
for boundary value problems (simply denoted by BVP). Finally, we give two examples to
demonstrate our main results.
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2 Preliminaries
In this section, we introduce some preliminary facts which are used throughout this paper.
Let N be the set of positive integers, R be the set of real numbers.
Deﬁnition . ([]) The Riemann-Liouville fractional integral of order α >  of a function






(t – s)α–y(s)ds, t ∈ (a,b].
Deﬁnition . ([]) The Riemann-Liouville fractional derivative of order α >  of a func-









(t – s)α–n+ ds, t ∈ (a,b],
where n = [α] + , [α] denotes the integer part of α.
Lemma . ([]) Let α > . If u ∈ C(, ) ∩ L(, ) with a fractional derivative of order α
that belongs to C(, )∩ L(, ), then
Iα+Dα+u(t) = u(t) + ctα– + ctα– + · · · + cntα–n













u : u ∈ C(, ]∩ L(, ), sup
t∈(,]
∣∣t–αu(t)∣∣ <∞}.







∣∣(t–αu(t))′∣∣}, u ∈ X, (.)
and X is a normed linear space with the norm
‖u‖ = sup
t∈(,]
∣∣t–αu(t)∣∣, u ∈ X,
respectively. Moreover, we have the following lemma.
Lemma . X is a Banach space with the norm ‖u‖.
Proof In fact, let {un} be any sequence in X with ‖un – um‖ → . Then, for arbitrary
ε > , there exists N ∈N such that
‖un – um‖ < ε,
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when n,m≥N . So,
∣∣t–αun(t) – t–αum(t)∣∣ < ε, t ∈ (, ], (.)∣∣(t–αun(t))′ – (t–αum(t))′∣∣ < ε, t ∈ (, ], (.)
when n,m≥N .
In view of (.), there exists v ∈ C(, ] such that t–αun → v uniformly on (, ], and so
un(t)→ v(t)tα–, t ∈ (, ].
Set u = v(t)tα–. Then un(t)→ u(t), t ∈ (, ] and u ∈ C(, ]. So, letting m→ +∞ in (.),
we have
∣∣t–αun(t) – t–αu(t)∣∣≤ ε, t ∈ (, ],
when n≥N . That is, t–αun → t–αu uniformly on (, ]. Because limt→+ t–αun(t) exists
for all n ∈N, by applying the theorem to the limit convergence of function sequences, we







–αun(t) = limn→∞ limt→+ t
–αun(t).
So, limt→+ t–αu(t) exists.
Similarly, applying the theorem to the diﬀerentiability of function sequences and letting
m→ ∞ in (.), we obtain
∣∣(t–αun(t))′ – (t–αu(t))′∣∣ < ε, t ∈ (, ], (.)
whenever n≥N .




f (t) = lim
n→∞ limt→+
fn(t) exists











To summarize, ‖un – u‖ →  with u ∈ X. 
Now, we consider the following auxiliary boundary value problem:
⎧⎪⎨
⎪⎩




where h ∈ X.
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We have the following lemma.


















( – α)( – s)α– + (α – )( – s)α–
]





(α – )( – s)α– – α( – s)α–
]
, s ∈ (, ). (.)
Proof In fact, owing to the fact that h ∈ X, in view of Lemma ., we have
u(t) = ctα– + ctα– + Iα+h(t), t ∈ (, ] (.)
for some c, c ∈R.
So,




)′ = c + ( – α)t–αIα+h(t) + t–αIα–+ h(t), t ∈ (, ]. (.)






















( – τ )α–τα– dτ
= (α – )
(α – )‖h‖t
(α–), t ∈ (, ]. (.)
Thus,
∣∣t–αIα+h(t)∣∣≤ (α – )(α – )‖h‖tα ,∣∣t–αIα+h(t)∣∣≤ (α – )(α – )‖h‖tα–, t ∈ (, ].
(.)
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Similarly, we have
∣∣t–αIα–+ h(t)∣∣≤ (α – )(α – )‖h‖tα–, t ∈ (, ]. (.)
From (.)-(.), it follows that
lim
t→+ t
–αIα+h(t) = , (.)
lim
t→+ t




–αIα–+ h(t) = . (.)
So, by the boundary value conditions in (.) together with (.)-(.), from (.)-(.)
it follows that
c + c + Iα+h() = , (.)
c + ( – α)Iα+h() + Iα–+ h() = . (.)



















Substituting (.)-(.) into (.), we have
u(t) = – 
[













G(s)h(s)ds + Iα+h(t), t ∈ (, ],
where G, G are given by (.) and (.), respectively.
The proof is complete. 







G(s)h(s)ds + Iα+h(t), t ∈ (, ] (.)
for h ∈ X.
We ﬁrst establish the following lemma.
Lemma . TX ⊂ X.
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∣∣h(s)∣∣ds≤ (α)(α – )












( – s)α–sα– ds
= ‖h‖B(α – ,α – ).





verge. So, from (.) and (.), it follows that Th(t) exists on (, ]. That is, the operator
T is well deﬁned.
In what follows, we show that Th ∈ X.
From h ∈ X, we know that h ∈ C(, ] and |s–αh(s)| ≤ ‖h‖. Let φ(s) = s–αh(s), s ∈ (, ].
Then φ ∈ C(, ] and |φ(s)| ≤ ‖h‖, s ∈ (, ], and so ψ ∈ C((, ] × (, ]) and |ψ(t, s)| ≤











( – τ )α–τα–ψ(t, τ )dτ , (.)
and |ψ(t, τ )| ≤ ‖h‖, ψ ∈ C((, ] × (, ]), we know that
∫ t
 (t – s)α–h(s)ds is continu-
ous on (, ] from (.) and applying the Lebesgue convergence theorem. Consequently,
(Th)′ ∈ C(, ] according to
(Th)′(t) = –(α – )tα–
∫ 









(t – s)α–h(s)ds, t ∈ (, ] (.)
by (.).











)′ = –∫ 

G(s)h(s)ds + ( – α)t–αIα+h(t)
+ 




(t – s)α–h(s)ds, t ∈ (, ]. (.)









∣∣∣∣ ≤ ‖h‖t–α(α – )
∫ t







( – τ )α–τα– dτ
= (α – )‖h‖
(α – ) t
α–, t ∈ (, ]. (.)
Hence, formula (.) together with (.) implies that limt→+ t–α(Th)(t) =
∫ 
 G(s)ds




Summing up the above analysis, we obtain that Th ∈ X. The proof is complete. 
We need the following lemma, which is important in establishing our main result in the
next section.
Lemma . T : X → X is completely continuous.
Proof We divide the proof into two parts.
Part . First, we show that T is a continuous operator.
Let {un} be an arbitrary sequence in X with un → u ∈ X. Then
∣∣s–α(un(s) – u(s))∣∣≤ ‖un – u‖, s ∈ (, ].
Thus, from (.), it follows that
t–α




∣∣un(s) – u(s)∣∣ds +
∫ 























(t – s)α–sα– ds
]
· ‖un – u‖






(α – ) ,
∫ 












( – τ )α–τα– dτ
= (α – )
(α – ) t
(α–), t ∈ (, ]. (.)






∣∣Tun(t) – Tu(t)∣∣≤ (α + )(α – )(α – ) ‖un – u‖. (.)
Similarly, from (.), (.) and (.), we have









(t – s)α–sα– ds
+ 




(t – s)α–sα– ds
]
‖un – u‖











( – τ )α–τα– dτ
= (α – )
(α – ) t




∣∣(t–α(Tun(t) – Tu(t))′∣∣≤ α(α – )(α – ) ‖un – u‖. (.)
From (.)-(.), we have that
‖Tun – Tu‖ ≤D‖un – u‖,
where
D =max
{ (α + )(α – )




= (α + )(α – )(α – ) . (.)
So, T is a continuous operator on X.
Part . Now we show that T is a compact operator.
Assume that  is an arbitrary bounded set in X. Then there exists M >  such that
‖u‖ ≤M for all u ∈ . By an argument similar to (.) and (.) in Part , from (.)-
(.), we can obtain
sup
t∈(,]
∣∣t–αTu(t)∣∣≤ (α + )(α – )(α – ) ‖u‖,
sup
t∈(,]
∣∣(t–αTu(t))′∣∣≤ α(α – )(α – ) ‖u‖,
and so ‖Tu‖ ≤D‖u‖ ≤DM, where D is as in (.). It means that T is bounded.
Now, we show that the set of functions B is equicontinuous on (.], where B =
{t–αTu(t) : u ∈ }.
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In fact, for any t, t ∈ (, ] with t < t and u ∈ , from (.), we have
∣∣t–α Tu(t) – t–α Tu(t)∣∣

































































(t – s)α– – (t – s)α–
]∣∣u(s)∣∣ds
≤M(t–α – t–α )
∫ t




























Thus, from (.), it follows that
∣∣t–α Tu(t) – t–α Tu(t)∣∣
≤ Mα(α – )(α – ) (t – t) +












(t – s)α– – (t – s)α–
]
sα– ds + M(t
α–
 – tα– )




(t – s)α–sα– ds≤
∫ 

sα– ds = 
α –  , (.)












(t – s)α–sα– ds –
∫ t









( – τ )α–τα– dτ – t(α–)
∫ 










( – τ )α–τα– dτ
=
(
t–α · t(α–) – tα
)
B(α,α – )









( – τ )α–τα– dτ ,
∫ t





( – τ )α–τα– dτ ,
and t < t,  < α < .
Substituting (.)-(.) into (.), we have
∣∣t–α Tu(t) – t–α Tu(t)∣∣ ≤ Mα(α – )(α – ) (t – t) + M(t
–α
 – t–α )
(α – )(α)







 – tα– )
(α – )(α) .
The above inequality shows that the set B = {t–αTu(t)|u ∈ } is equicontinuous on (, ].





As before, for any t, t ∈ (, ] with t < t and u ∈ , in view of (.), we have
∣∣(t–α Tu(t))′ – (t–α Tu(t))′∣∣


































∣∣t–α (t – s)α– – t–α (t – s)α–∣∣∣∣u(s)∣∣ds































































keeping in mind that  < α < .




α– . We can assume that ε is small enough
that γ < . Since tα– is uniformly continuous on [, ], there exists δ >  such that
 < tα– – tα– <
(α – )(α)ε
( – α)M[(α – )B(α,α – ) + ] ,





























( – τ )α–τα– dτ – tα–
∫ 

( – τ )α–τα– dτ
≤ (tα– – tα– )
∫ 









































≤ ( – α)M
(α)
[






when  < t – t < δ, t, t ∈ (, ].
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( – τ )α–τα– dτ
≤ M(α – )
(α – ) γ























( – τ )α–τα– dτ
< 
α–M(α – )
(α – ) γ
α– = ε (.)
because  < t < γ .





















when  < t < γ with  < t – t < γ .




















































( – τ )α–τα–. (.)
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( – τ )α–τα– dτ . (.)
Because
∫ 
 ( – τ )α–τα– dτ = B(α – ,α – ) <∞, there exists σ ∈ (, ) such that
∫ 
η
( – τ )α–τα– dτ < (α – )M ε, (.)
when  <  – η < σ .




( – τ )α–τα– dτ < (α – )M ε, (.)





≤ σ because t > t ≥ γ .




















< ε , (.)
when γ ≤ t and  < t – t < δ.
Now, take δ =min{δ, δ,γ }. Then, when  < t – t < δ, by (.), (.), (.) and (.),
we have
∣∣(t–α Tu(t))′ – (t–α Tu(t))′∣∣ < ε. (.)
The above inequality (.) shows that the set B′ is equicontinuous on (, ]. As a con-
sequence of the Arzela-Ascoli theorem, we have that T is a compact set in X. The proof
is complete. 
Finally, for the remainder of this section, we give the following lemma, which will be
used to obtain our main results.
Lemma . ([]) Let E be a Banach space. Assume that  is an open bounded subset of
E with θ ∈ , and let A : ¯ → E be a completely continuous operator such that
‖Au‖ ≤ ‖u‖, ∀u ∈ ∂.
Then A has a ﬁxed point in .
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3 Main results
Let us introduce some assumptions which will be used throughout this paper.
(H) f ∈ C((, ]×R×R,R).
(H) supt∈(,] |t–αf (t, , )| <∞.
(H) There exist two constants L > , L >  such that
∣∣f (t,x, y) – f (t,x, y)∣∣≤ L|x – x| + Lt|y – y|
for all xi, yi ∈R, i = , , and t ∈ (, ].
(H) There exist a function φ ∈ X and constants N > , N > , θ, θ ∈ (, ) such that
∣∣f (t,x, y)∣∣≤ φ(t) +N|x|θ +Nt|y|θ
for all xi, yi ∈R, i = , , and t ∈ (, ].
We deﬁne two operators F , T on X as follows:




, t ∈ (, ], for u ∈ X,
where T is deﬁned as before.
We ﬁrst establish the following lemma to obtain our results.
Lemma . Suppose that (H), (H), (H) hold. Then the operator A maps X into X.
Proof For any u ∈ X, by (H) , we have
∣∣f (t,u,u′) – f (t, , )∣∣≤ L∣∣u(t)∣∣ + Lt∣∣u′(t)∣∣, t ∈ (, ].
So,
∣∣f (t,u(t),u′(t))∣∣≤ ∣∣f (t, , )∣∣ + L∣∣u(t)∣∣ + Lt∣∣u′(t)∣∣, t ∈ (, ]. (.)
Again,
∣∣u(t)∣∣ = ∣∣tα–t–αu(t)∣∣≤ tα–‖u‖, t ∈ (, ], (.)
and so
∣∣u′(t)∣∣ = ∣∣tα–(t–αu(t))′ + (α – )t–u(t)∣∣
≤ tα–∣∣(t–αu(t))′∣∣ + ( – α)t–∣∣u(t)∣∣
≤ tα–‖u‖ + ( – α)tα–‖u‖
< tα–( – α)‖u‖, t ∈ (, ]. (.)
Hence, by (.)-(.), we have
∣∣f (t,u(t),u′(t))∣∣≤ ∣∣f (t, , )∣∣ + (L + ( – α)L)tα–‖u‖, t ∈ (, ], (.)
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and so
∣∣t–αf (t,u(t),u′(t))∣∣≤ ∣∣t–αf (t, , )∣∣ + (L + ( – α)L)‖u‖, t ∈ (, ]. (.)
Again, from (H) and by letting K = supt∈(,] |t–αf (t, , )|, we have
∣∣f (t, , )∣∣ = tα–∣∣t–αf (t, , )∣∣≤ Ktα–, t ∈ (, ],
and so f (t, , ) ∈ L(, ). Thus, according to hypothesis (H) and (.)-(.), we know that
f (t,u,u′) ∈ C(, ] ∩ L(, ) and supt∈(,] |t–αf (t,u,u′)| < ∞. That is, Fu ∈ X. Therefore,
in view of Lemma ., it follows that Au ∈ X. Thus, A : X → X. The proof is complete.

The following lemma is signiﬁcant to obtaining the result in this article.
Lemma . Suppose that (H) and (H) hold. Then the operator A : X → X is completely
continuous.
Proof We ﬁrst show that the operator F maps X into X under (H).
In fact, for any u ∈ X, by an argument similar to (.)-(.), from (H) combined with
(.)-(.), it follows that
∣∣f (t,u(t),u′(t))∣∣≤ φ(t) +N∣∣u(t)∣∣θ +Nt∣∣u′(t)∣∣θ
≤ φ(t) +Nt(α–)θ‖u‖θ +Nt( – α)θ t(α–)θ‖u‖θ
≤ φ(t) + t(α–)(N‖u‖θ +N( – α)‖u‖θ ), t ∈ (, ], (.)
and so
∣∣t–αf (t,u(t),u′(t))∣∣≤ t–αφ(t) +N‖u‖θ +N( – α)‖u‖θ , t ∈ (, ] (.)
noting that θ, θ ∈ (, ) and  < α < .
Thus, according to hypothesis (H), formulae (.)-(.) ensure that Fu ∈ X, noting that
φ ∈ X.
Now, we prove that the operator A : X → X is completely continuous.
First of all, in view of Lemma ., we know that the operator A : X → X because of the
fact that F : X → X and A = TF .
It remains to show that the operator A is completely continuous. The following proof is
divided into two steps.
Step . We show that the operator A is compact on X.
In fact, assuming that  is an arbitrary set in X, there existsM >  such that ‖u‖ ≤M
for all u ∈ . Thus, from (.), it follows that
‖Fu‖ ≤ sup
t∈(,]
t–αφ(t) +NMθ +N( – α)Mθ =N .
Therefore, the set B = {h|h = Fu,u ∈ } is bounded in X, and therefore, TB is a compact
set in view of Lemma .. That is, A is a compact set, owing to the fact that A = TF and
B = F. Hence, A is a compact operator.
Chai Advances in Diﬀerence Equations 2013, 2013:306 Page 17 of 24
http://www.advancesindifferenceequations.com/content/2013/1/306
Step . We show that the operator A is continuous on X.
Let {un}∞n= be an arbitrary sequence in X with un → u ∈ X. Then there exists M > 
such that ‖un‖ ≤M, n = , , , . . . . Thus, from (.), it follows that
∣∣t–αFun(t)∣∣ ≤ ∣∣t–αφ(t)∣∣ +N‖un‖θ +N( – α)‖un‖θ
≤ sup
t∈(,]
∣∣t–αφ(t)∣∣ +NMθ +N( – α)Mθ =N (.)
for n = , , , . . . .
The following proof is divided into two parts.























(α) ( – s)
α–
)∣∣Fun(s) – u(s)∣∣ds, t ∈ (, ]. (.)






(α) ( – s)
α–
)
sα– ds≤ α + (α – ) < +∞.








(α) ( – s)
α–
)







(α) ( – s)
α–
)∣∣Fun(s) – Fu(s)∣∣ds < ε (.)
holds for n = , , . . . , because |Fun(s) – Fu(s)| ≤ Nsα–, s ∈ (, δ], n = , , . . . , observing
(.).
On the other hand, for all t ∈ [δ, ], formulae (.)-(.) imply that
∣∣un(t)∣∣≤ tα–‖un‖ ≤ δα–M, n = , , , . . . ,∣∣u′n(t)∣∣≤ ( – α)tα–‖un‖ ≤ δα–M, n = , , , . . . ,
and
∣∣un(s) – u(s)∣∣≤ δα–‖un – u‖, n≥ , (.)∣∣(un(t) – u(t))′∣∣≤ δα–‖un – u‖, n≥ . (.)
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Since f (t,x, y) is uniformly continuous on [δ, ]× [–δα–M, δα–M]× [–δα–M, δα–M],
from (H), for ε given as before, there exists K ≥  such that
∣∣Fun(s) – Fu(s)∣∣ < d ε, s ∈ [δ, ], (.)
when n≥ K, noting that (.)-(.), where d = (
∫ 
δ
(G(s) + |G(s)| + (–s)α–(α) )ds)–.






(α) ( – s)
α–
)∣∣Fun(s) – Fu(s)∣∣ds < ε (.)
holds for n = , , . . . .
Substituting (.) and (.) into (.), we have that
∣∣t–α(Aun(t) –Au(t))∣∣ < ε, t ∈ (, ],
when n≥ K, and so
sup
t∈(,]
∣∣t–α(Aun(t) –Au(t))∣∣≤ ε (.)
when n≥ K.

















































)α–∣∣Fun(s) – Fu(s)∣∣ds, (.)





(α) and ( –
s
t )α– < ( –
s
t )α–.
For ε given as before, take  < δ <min{, ( (α)εN ·B(α–,α–) )

α– }, where N is given by (.).




































 B(α – ,α – ) <
ε
 . (.)





















































( – τ )α–τα– ds
= N
(α)δ
α–B(α – ,α – ) < ε . (.)
By an argument similar to (.), we can know that there exists K ≥  such that
∣∣Fun(s) – Fu(s)∣∣ < d ε, s ∈ [δ, ], (.)
when n≥ K, where d = (α – )(α).

























)α–∣∣Fun(s) – Fu(s)∣∣ds < ε , t ∈ (, ], (.)
when n≥ K.
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On the other hand, from the proof in Part  (see the deducing on (.) and (.)), there




∣∣Fun(s) – Fu(s)∣∣ds < ε (.)
holds when n≥ K.
Deﬁne L =max{K,K}. From (.) together with (.), (.) and (.), we have
∣∣(t–α(Aun(t) –Au(t)))′∣∣ < ε, t ∈ (, ]
when n≥ L, and so
sup
t∈(,]
∣∣(t–α(Aun(t) –Au(t)))′∣∣≤ ε (.)
when n≥ L.
Formulae (.), (.) yield thatAun → Au in X. That is, the operatorA is continuous
on X. The proof is complete. 
In view of Lemma ., it is easy to know that u ∈ X is a solution of BVP (.)-(.) if and
only if u ∈ X is a ﬁxed point of the operator A. Therefore, we can focus on seeking the
existence of a ﬁxed point of A in X.
Let D = (α+)(α–)(α–) (L + ( – α)L), where L, L is given by (H).
We are now in a position to state the ﬁrst theorem in the present paper.
Theorem . Suppose that (H)-(H) hold. If D < , then BVP (.)-(.) has a unique so-
lution.
Proof According to (H)-(H), we know that A : X → X by Lemma .. By an argument





























(t – s)α–sα– ds
]
· (L + ( – α)L)‖u – v‖
≤ (α + )(α – )(L + ( – α)L)(α – ) ‖u – v‖
.=D‖u – v‖, t ∈ (, ],
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because
∣∣Fu(s) – Fv(s)∣∣ ≤ L∣∣u(s) – v(s)∣∣ + Ls∣∣(u(s) – v(s))′∣∣





∣∣t–α(Au(t) –Av(t))∣∣≤D‖u – v‖. (.)
Similarly, from (.) together with (.), (.), we have
sup
t∈(,]
∣∣(t–α(Au(t) –Av(t)))′∣∣≤D‖u – v‖, (.)
where D = α(α–)(α–) (L + ( – α)L).
From the fact that α+ >
α
 , by (.) and (.), we immediately have that
‖Au –Av‖ ≤D‖u – v‖.
As D < , A is a contraction mapping. So, by the contraction mapping principle, A has a
unique ﬁxed point u¯. That is, u¯ is the unique solution of BVP (.)-(.). 
We give another result in this paper as follows.
Theorem . If (H), (H) hold, then BVP (.)-(.) has at least one solution.
Proof First, by Lemma ., we know that A : X → X is completely continuous.
Let p = (α+)(α–)(α–) , e =
α(α–)
(α–) , q = supt∈(,] t–αφ(t), d = pq, d = eq, and θ =
max{θ, θ}. Put D = p(N + ( – α)N), G = e(N + ( – α)N).
Take R > max{, d, d, (D) –θ , (G) –θ }, and set  = {u : ‖u‖ < R}. Now, we prove
that
‖Au‖ ≤ ‖u‖, ∀u ∈ ∂. (.)
In fact, for any u ∈ ∂, by (H) and (.) together with (.), we have
∣∣t–αAu(t)∣∣ ≤ t ∫ 

G(s)


























t–αφ(t) +N‖u‖θ +N( – α)‖u‖θ
)




t–αφ(t) +N‖u‖θ +N( – α)‖u‖θ
)
























( – s)α–sα– ds < p,





Similarly, by (H) and (.) together with (.), we have
∣∣(t–αAu(t))′∣∣ ≤ ∫ 

G(s)























(t – s)α–sα– ds
+ 




(t – s)α–sα– ds
)




(α – ) +
( – α)(α – )
(α – ) t
α– + (α – )
(α – ) t
α–
)
· (q +NRθ +N( – α)Rθ)
< e
(





















Summing up (.) and (.), we have that ‖Au‖ ≤ R. That is, ‖Au‖ ≤ ‖u‖ because
‖u‖ = R. So, the relation (.) holds. As a consequence of Lemma ., the operator A
has at least one point u¯. That is, u¯ is a solution of BVP (.)-(.). 









√π ln( + (u
′(t))),
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where α =  , β ≥ –  and a ∈ R. Clearly, the function f (t,x, y) = atβ + √π (t+) |x|+|x| –
t
√π ln( + y
) satisﬁes |f (t,x, y) – f (t,x, y)| ≤ √π |x – x| + t√π |y – y|, and
supt∈(,] |t–αf (t, , )| <∞. Further, L = √π , L = √π , andD =  < . As a consequence
of Theorem ., BVP (.) has a unique solution.






+u(t) = ( + eMt)t–

 + (tan t) sin u(t)+( √u(t)) + (sinπ t) ln( + (
√u′(t))),
t ∈ (, ),








where α =  , M ∈ R. Clearly, the function f (t,x, y) = ( + eMt)t–

 + (tan t) x+( √x) +
(sinπ t) ln(+( √y)) satisﬁes |f (t,x, y)| ≤ φ(t)+(tan )|x|  +|y|  , where φ = (+eMt)t–  ∈
X, So, all the assumptions of Theorem . are satisﬁed. Hence BVP (.) has at least one
solution.
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